The rules for constructing Lagrangian formulation for general superfield theory of fields (GSTF) are introduced and considered on the whole in the framework of proposed here new general superfield quantization method for general gauge theories.
I Introduction
Investigations in the field of generalization of the Lagrangian and Hamiltonian quantization methods for gauge theories based on using special types of supertranslations the such as BRST symmetry [1] and BRST-antiBRST (extended BRST) symmetry [2] have been developed in the last 15-20 years sufficiently intensively.
The rules of canonical (BFV [3] and Sp(2) [4] ) and Lagrangian (BV [5] and Sp(2) [6] ) quantization methods for gauge theories realizing above-mentioned symmetry types have become, in the first place, basic for correct investigations of the quantum properties of concrete modern models of gauge field theory and, in the second, have been found in fact to be fundamental as in Quantization variant [24] has important methodological significance consisting in fact that the multiplet contents of superfields and superantifields, defined on the superspace R
1,D−1|1
with coordinates (x µ , θ), include into themselves, in natural way, component-wise with respect to expansion in powers of θ the sets of such (anti)fields which can be identified with all variables of BV method [5] (fields φ A , auxiliary fields λ A , antifields φ * A and sources J A to fields φ A ). In the second place, action of all differential-algebraic structures: superantibracket, odd operators U, V, ∆ were realized in explicit superfield form on superalgebra of functionals with derivation (locally) defined on supermanifold with coordinates Φ A (θ), Φ * A (θ). In the third, the generating equation is formulated in terms of above-mentioned objects and generating functional of Green's functions Z[Φ * ] (in notations of paper [24] ) is constructed, and its properties formally repeating a number of ones for corresponding functional from BV method are established.
The work opens by itself a number of papers devoted to development of new general superfield quantization method for gauge theories in Lagrangian formalism of their description. Complete and noncontradictory formulation of all the statements of the method requires accurate and successive introduction in superfield form of all the quantities being used in quantum field theory, for example, generating functionals of Green's functions, including effective action, together with correct study of their's properties such as gauge invariant renormalization, gauge dependence and so on.
Existence theorems for solutions of generating equations being used in the method and for similar statements in further development of this approach, for instance, for nonabelian hypergauges are key and more complicated objects for investigation, than in BV scheme.
Correct superfield formulation for classical theory based on variational principle and having by one's definitely chosen restriction the usual quantum field theory model with standard classical action functional S 0 (A) of classical gauge fields A ı composing the zeroth component with respect to expansion on θ in the superfield multiplet A ı (θ), is by necessary(!) condition for accurate establishment of general rules for general superfield quantization method (GSQM) in Lagrangian formalism. Quantities and relations of above-described classical theory will have the adequate correspondence with BV quantization objects and operations.
The purpose of present work is the construction according to what has been said above of the Lagrangian formulation 1 for GSTF. Paper is written in the following way. In Sec.II elements of algebra including group-theoretic ones on Grassmann algebra Λ 1 (θ) with a single generating element θ are considered. Canonical group-theoretic realization of superspace M is constructed. M is parametrized by sets of coordinates (z a , θ), where z a are coordinates of usual superspace with space-time supersymmetry type. Superfield (in mentioned sense) representations, including (ir)reducible ones, of corresponding supergroup in superspace of superfunctions on M are shortly examined.
Technically main questions of algebra and analysis on superalgebras of special superfunctions on M, which are connected both with possibility of representation for those superfunctions and with variational calculus, are analyzed in Sec.III.
Section IV is devoted to study of algebraic properties of the first order differential operators acting on superalgebra of superfunctions on T odd M cl ×{θ}. Properly Lagrangian formulation for GSTF is defined in Sec.V and is directly connected with possibility of representation of special superfunction S L A(θ),
Detailed systematic research of the Lagrangian formulation for GSTF is carried out in Sec.VI, namely, for Euler-Lagrange equations together with introduction a concept on constraints and ideas concerning gauge theories and gauge transformations of general and special types.
Component (on θ) formulation for objects and relations of Lagrangian formalism for GSTF is suggested in Sec.VII. Application of general statements of Secs.II-VII are demonstrated on two simple field-theoretic GSTF models in Sec.VIII. Finally, concluding propositions and analogy for GSTF in Lagrangian formalism with usual classical mechanics complete the paper in Sec.IX.
For satisfaction to requirements of mathematical correctness it is necessary to note conditions in framework of which the work is made. It is supposed that on supermanifold of classical superfields A ı (θ) (usually one considers a vector bundle with M as a base) a trivial atlas is given or its consideration is bounded by definite neighbourhood with ignoring the topological aspects. As consequence of latter assumptions local supermanifold coordinates are defined globally, and therefore elements of differential geometry on given supermanifold are not considered in invariant coordinate free form.
In paper it is used the standard condensed De Witt's notations [30] . Total left derivative of superfunction f (θ) with respect to variable θ is denoted as
Superfield partial right derivative of differentiable superfunction J (θ) ≡ J (A(θ),
• A (θ), θ) with respect to superfield A  (θ) for fixed θ is denoted by means of following convention
II Elements of Algebra and Group Theory on Λ 1 (θ).
Canonical realization of superspace M
Let us consider a supergroup J being by direct product
of Lie supergroupJ and one-parameter supergroup P = {h ∈ P | h(µ) = exp (ıµp θ )} , (2.2) where µ ∈ 1 Λ 1 (θ)), i.e. to subspace of odd elements with respect to nilpotent generating element θ from two-dimensional Grassmann algebra Λ 1 (θ)) over number field K(R or C), and quantity p θ : p [p θ , p θ ] + = 0 is the basis element of Lie superalgebra corresponding to P . The latter can be realized as the translation supergroup acting on Grassmann algebra of superfunctions over Λ 1 (θ)Λ M =J/JÃ =M ×P , (2.8) where sign "×" from the right hand side denotes a Cartesian product of the superspacesM and one-dimensionalPM =J/JÃ ≃ (J × {e P })/JÃ 3 , (2.9) P ≃ ({e} × P )× ⊃JÃ/JÃ . (2.10) Next, consider as Lie supergroupJ the group of space-time supersymmetry, such thatM is the real superspace-time (usually being called "real superspace"), with which one deals in the superfield formulations of the supersymmetric field theory models. Then, choosingJ in the form of Poincare type supergroup acting in the corresponding quotient spacẽ 11) where D is dimension of Minkowski space, N is a number of supersymmetries, [x] is integer part of number x ∈ R, the global symmetry supergroup can be realized according to (2.6) under validity of representation (2.8) .
More general symmetry supergroups being encountered, for instance, in (super)gravity and (super)string theories can be obtained by localization ofJ up to supergroup of general coordinate transformations simultaneously with introduction of Riemann metric onM.
Elements from M (2.8) are parametrized by following local coordinates in a basis determined by generators from M and ıp θ
Indices µ, A correspond to usual vector (µ) and spinor (A) Lorentz ones, and θ ∈ Λ 1 (θ) is coordinate corresponding toP (2.10).
Action of supergroup P on the points from M with coordinates (z a , θ) follows from definitions (2.1), (2.2) , (2.4) and identity h(µ) ≡ (eJ , h(µ))
Whereas the action ofJ , taking account of the identityḡ ≡ (ḡ, e P ),ḡ ∈J , has the form
With regards to realization of the action of P on M in the form (2.13) it follows the validity of representation for quantity p θ as the vector field on M according to formula (2.5)
Presence of Z 2 -grading with respect to θ in M makes the following representation one-valued 16) where D|Nc and 1 appear by dimensions of even and odd subsuperspaces 0 M, 1 M respectively, whereas D and Nc are ones of even and odd subsuperspaces in M with respect to Lorentz (J) Z 2 -grading.
The action of boson projectors P a (θ), a = 0, 1 is defined on Λ 1 (θ) with standard properties
a Λ 1 (θ), a = 0, 1 are their's proper subsuperspaces correspondingly (P a (θ) a Λ 1 (θ) = a Λ 1 (θ)). Action of projectors P a (θ) is continued in natural way to action onΛ 1 (θ), so that for any g(θ) ∈Λ 1 (θ) being by Grassmann function (further being called by superfunction) the equalities are valid taking account of (2.3)
The same is true, if instead of E K one takes the algebra of functions over superspace M. In this case 0 M and 1 M are the proper subsuperspaces for P 0 (θ) and P 1 (θ) respectively. The simple matrix realization for elements from Λ 1 (θ), projectors P a (θ) exists, if Λ 1 (θ) is considered only as an algebra. Namely, associate ∀a(θ) ∈ Λ 1 (θ) : a(θ) = a 0 + a 1 θ, a 0 ,a 1 ∈ K in one-to-one correspondence the 2 × 2 matrix
Associating, in the framework of this mapping, for generating element θ the matrix 20) we verify the set of upper-triangular 2 × 2 matrices over K with equal elements on diagonal and with usual matrix multiplication is isomophic as algebra to Grassmann one Λ 1 (θ). Considering Λ 1 (θ) only as two-dimensional vector space (in ignoring of its multiplication operation) by means of mapping 21) one can obtain the realization of projectors P a (θ) acting on Λ 1 (θ) in representation (2.21) in the form of 2 × 2 matrices
Projectors can be realized in the form of the 1st order differential operators, if to mean by a a(θ) ∈ Λ 1 (θ) the series on θ degrees (a(θ) is trivially differentiable with respect to θ element from Λ 1 (θ) [13] )
Two last realizations of Λ 1 (θ) (2.21)-(2.23) are transfered without modifications onΛ 1 (θ) and Λ D|N c+1 (z a , θ; K) being by Grassmann algebra over K with D even x µ and (Nc + 1) odd θ Aj , θ generating elements [13] . On the other hand, the important interpretation given by (2.19) , (2.20 ) loses one's validity at such extension because of nontrivial permutability of a 0 , a 1 with θ.
Study of supergroup J irreducible finite-dimensional representations, including superfield ones, is the main problem. Leaving the detailed investigation of this task out of scope of the paper, remark that due to triviality of group P occurence into J, given question, in fact, is reduced to study of supergroupJ irreducible finite-dimensional representations .
Irreducible superfield representation of J are realized (among them) on the superfields of "Lorentz" (J) type [31] 24) to be regarded as Grassmann analytic function (superfunction) on Λ D|N c+1 (z a , θ; K) with values in corresponding representation space. Superfields A ı (θ) are homogeneous with respect to Grassmann parity operator ε acting on theΛ D|N c+1 (z a , θ; K) being by superalgebra of superfunctions determined on Λ D|N c+1 (z a , θ; K) 25) which is regarded as additive homomorphism of superalgebras. Grassmann parity ε can be represented in the form of direct sum of Grassmann parities εJ and ε P being considered as additive homomorphisms of the corresponding superalgebras 26) trivially continued up to mapping onΛ D|N c+1 (z a , θ; K). Thus, εJ and ε P are Grassmann parities for superfunctions with respect to generating elements z a and θ respectively. Elements from Λ D|N c (z a ; K) are superfunctions, which the (ir)reducible superfield representation of group J is realized on, and being by restriction of the representation T of supergroup J ontoJ: T |J .
In accordance with (2.25) , (2.26) εJ , ε P , ε are defined on the generating elements z a , θ in following way
Component fields in A ı (θ) are given by expansion in powers of θ [24] (2.28) and have the table of εJ , ε P , ε parities
Thus, the homogeneous with respect to ε superfield A ı (θ) has εJ , ε P parities as for one's P 0 (θ)-component field A ı . In addition to tables (2.27) , (2.29) define for formal elements (differentials) dz a = (dx µ , dθ Aj , dθ) and for differentiation operators
) the values of εJ , ε P , ε parities to be consistent with (2.27) 
Tables of parities (gradings) (2.27)- (2.30) show that for component fields A ı and λ ı the connection between spin and statistic is standard with respect to εJ, but with respect to ε for λ ı one is wrong. The latter reflects the nontrivial facts of the generating element θ presence and ε P ≡ 0.
Fields A ı and λ ı are elements of supergroupJ (ir)reducible field representation in superfunction spaceΛ D|N c (z a ; K) over Λ D|N c (z a ; K). Classical superfields A ı (θ) are transformed with respect to some, in general case, reducible superfield finite-dimensional representation T of group J. In this case the irreducible representation of supergroup P is one-dimensional and operators T (h(µ)) act on A ı (θ) as translations along θ.
Transformation laws 32) realize finite-dimensional superfield and infinite-dimensional superfield representations respectively with generator of translations along θ
acting inΛ D|N c+1 (z a , θ; K). Action of projector system P a (θ) is naturally continued onto supermanifold M cl = {A ı (θ)} parametrized by A ı (θ) as local coordinates
Remarks: 1) Other possibilities for nontrivial extension of supergroupJ , in a some sense, being analogous to method of the Poincare group extension up to N = 1 supersymmetry supergroup, are not considered here; 2) For homogeneous with respect to ε elements a(θ), b(θ) ∈Λ D|N c+1 (z a , θ; K) the following rule for permutability under multiplication is valid
III Elements of Analysis on T odd M cl × {θ} (Series, Derivatives, Integrals, Variational Calculus).
Starting from supermanifold M cl of superfields A ı (θ) (formally we suppose ı = 1, . . . , n, n = (n + , n − ), n + (n − ) is the number of boson (fermion) with respect to εJ degrees of freedom entering in condensed index ı; formula 5 (2.24) shows on index ı possible structure), being more precisely by special tensor bundle over M, let us formally construct the following supermanifolds (see the reservation in the end of introduction)
given on T odd M cl × {θ} with elements being by formal power series with respect to generating elements A ı (θ),
being by finite polinomials in powers of A ı (θ), 
To obtain (3.1), (3.2) the readily verifiable transformation laws for derivative of superfields A ı (θ) with respect to θ were used correspondingly for (2.31) and (2.32)
By definition, F (θ) is expanded in formal power series (in finite sum for polinomials corresponding to local superfunctions) on degrees of A ı (θ), 3.5) where the notations are introduced
Coefficients of the expansion in (3.5) appear themselves by superfunctions
. . , and possesing by ambiguity which is partially removed by means of following generalized symmetry properties written, for instance, for
Introducing operations of differentiation with respect to A ı (θ),
] one can turn this set into superalgebra of the k-times differentiated superfunctions
Taking into account of some topological aspects one can equip
with a norm, having turned the last set into functional space. In this case, series in Eq. (3.5) , can be regarded as convergent ones with respect to mentioned norm and operations of differentiation with respect to A ı (θ),
• A ı (θ) can suppose to be commutative with sign of sum.
Regarding the
is equipped with above-mentioned structure of norm and with convergence of series (3.5) with respect to this norm, for arbitrary superfunction F (θ) ∈ C k we will suppose to be valid the following expansion in formal functional Taylor's series in powers of variations δA
Properties (3.6b) are true for coefficient superfunctions 3.8) . Notations of the form (3.6a) are used in Eq. (3.8) and partial right superfield derivatives with respect to superfields A ı (θ) and
• A ı (θ) for fixed θ are introduced according to (1.2) , which act nontrivially on F (θ) ∈ C k only for coinciding θ. Their's nonzero action on superfields A ı (θ),
At last, one can use a combination of expansions (3.5) and (3.8) regarding, for instance, that F (θ) is decomposed with respect to
, where the numbers k 1 , k 2 denote the maximal values of differentiability with respect to A ı (θ) and
Taylor's series in powers of δA ı (θ) in the neighbourhood of A ı 0 (θ). Remark that the Taylor's series (3.8) (or mentioned combination of expansions (3.5) , (3.8) ) for local superfunctions turn into finite sum.
Action of the projectors P a (θ) with properties (2.17) is naturally continued onto C k . However, in view of explicit and implicit dependences upon θ of elements from given superalgebra, it is convenient to introduce a more detailed system of projectors {P a (θ), U(θ)}, a = 0, 1 decomposing C k in direct sum
The following subsuperspaces in C k appear to be invariant ones 7 under action of projectors
Properties of the even, relative to εJ, ε P , ε gradings, projectors are characterized by relations (without sum on b in (3.12))
ProjectorsP 1 (θ), U(θ), P 1 (θ) appear by derivations on C k , and forP 0 (θ),P 0 (θ) the following rules of action on the product of superfunctions (3.13) According to (3.10) , (3.11) arbitrary F (θ) ∈ C k is decomposed onto nonsuperfield component functions
k as element from vector superspace in the form of column vector consisting of 3 elements (3.15) permits one to represent {P a (θ), U(θ)} in the form of 3 × 3 matrices
Analytic notation of F (θ) by means of relation (3.8) results in representation of the projectors under their's action on C k in the form of the 1st order differential operators (3.17) 7 the only 0,0 C k appears by nontrivial subsuperalgebra, whereas
under their's action on C k is defined by the formulae
Systems of projectors P a (θ), {P b (θ), U(θ)}, a, b = 0, 1 satisfy to following algebraic properties under their's mixed compositioñ
Let us define a class C F of regular (analytic) over K superfunctionals on the M cl by means of the formula
The only F 1,0 and F 0,1 parts of F (θ) give the nontrivial contribution into F [A] . As far as the operator
k being by function of θ represents for fixed θ the usual functional on space of the component fields overM depending on
For any F (A(θ),
• A (θ), θ) ∈ C k the following analog of basic lemma of variational calculus holds. Lemma 1
It is sufficiently simple to develop proof with regard for representation (3.20) and decomposition respect to superfields A ı (θ) and
is regarded as indivisible object in the sense, that
For right derivatives we obtain the connection
Superfield derivatives have the following table of Grassmann parities according to (2.26) , (2.27) , (2.29) 
The kth superfield variational derivative of superfunctional F [A] with respect to superfields
, provided that for compulsory noncoincidence of the values θ and θ ′ , is determined by relation (3.25) as well. For
, whose values follow from (3.22) , (3.25) under corresponding choice of F [A] according to (3.9) , (3.26) (3.27) IV Superalgebra A cl of the 1st order differential operators on C
Let us establish a connection between partial superfield derivative (left or right) of superfunction F (θ) with respect to A ı (θ) and partial derivatives for fixed θ (left or right) with respect to component fields P 0 (θ)A ı (θ) and P 1 (θ)A ı (θ) not being by elements of superfield representation space of group J. To this end, use the matrix realization of differentiable superfunction F (θ) ∈ C k in the form of column vector from 2 elements based on projectors P a (θ) system (analogously to Eq.(3.15) forP a (θ), U(θ))
where symbol "T " denotes the usual transposition. Then, we have for differential of superfunction
From latter formula the operatorial one, being true on C k , follows taking account of realization for projectors in the form (2.22)
To solve the analogous problem with left derivatives assume the following realization to be dual to (4.1)
Repeating calculations (4.2) in this case, obtain the formula
Expression for Jacobi supermatrix with right derivatives of F (θ) with respect to A ı (θ) was in fact introduced in Eq.(4.2) (we replace the sign " →" on one of equality)
Analogously, for Jacobi supermatrix with left derivatives of F (θ) with respect to A ı (θ) we have
where it is evident, that
Component expression for Jacobi supermatrix (4.6) can be obtained by means of tensor product of row
as covector on column F (θ) as vector given in Eqs.(4.1) with formation as a result the type (1,1)-tensor. For supermatrix (4.7) it is necessary to multiply (as tensors) the vector
on covector F (θ) given in Eqs.(4.4) with formation as a result the tensor of the same type. It looks as formula in the following form
Correctness of the connection formulae (4.3), (4.5) is readily to be ascertained under action of partial superfield derivative on arbitrary F (θ) ∈ C k with respect to A ı (θ) taking account of the properties for projectors P a (θ) and following summary of formulae (for left derivatives) (4.10) In fact, it is sufficient to prove, for instance, the formula (4.3) for superfunction J (θ) ∈ C k of the following form 11) with coefficients f (ı)n (θ) and g (ı) k (θ) satisfying to properties (3.7) . We have successively
and acting as isomorphism (not antiisomorphism (!))
This involution is the identity mapping on the subsuperalgebra Λ D|N c (z 15) where A ı (θ) is the superfield being conjugate to A ı (θ) with respect to involution * with following components
Restriction of involution * onto 0,0 C k appears by identity mapping. Subspace of superfields to be invariant with respect to involution is formed by means of superfields
Consider the set A cl of the 1st order differential operators of the form 18) whose elements are determined by means of tensor product (4.9) with help of formulae
In writing of U − (θ) in Eqs. (4.20b) it was taken into consideration, that
Derivatives of the operators U a (θ), U+ − (θ) are given by the relations
The only
• U − (θ) from all these operators are compatible with supergroup J superfield representation. In particular,
• U + (θ) does not lead out the any F (θ) ∈ C k from C k under its action on latter element. The only operators U 1 (θ),
• U0 (θ) appear to be invariant with respect to involution continued by means of relations (4.15) , (4.21) 
Algebraic properties for elements from A cl under their composition arise from following multiplication rule 24) which for f (θ) = P 1 (θ)A ı (θ), g(θ) = P 1 (θ)A  (θ) results in vanishing of the 2nd summand in (4.24) and permits one to obtain the summary of relations (by omitting of fixed θ in argument)
4)
• U0 , Ui 
appears, in first, by superalgebra with respect to multiplication • (4.24) and, in second, by module over C k , to be more exact over C k (P 0 (θ)(T odd M cl )), in third, by resolvable Lie subsuperalgebra with respect to commutator [ , ] − with radical U 0 (θ). Set U a (θ), a = 0, 1 is the basis in A cl , and one in A cl is given by {U a (θ),
V Foundations of the GSTF in Lagrangian
Formulation.
V.1 Initial Information on the Classical Action Superfunction.
Let us consider the boson superfunction S L (A(θ),
S L (θ) is transformed with respect to action of the T |P operators according to rules (translation along θ) (2.32), (3.2)
so that
Thus,J is the maximal group of the global symmetry for superfunction S L (θ). Instead of
, one can write equivalently in Eq.(5.3) the operator P 0 (θ)
equal to previous ones under action on any F (θ) ∈ C k . However, operators
• U a (θ) are given in nonsuperfield form. By the following step it appears the assumption on existence of critical point for the fermion superfunctional
It implies to validity of Euler-Lagrange type equations (see Eqs. (3.22) ) by calculating of
V.2 Elements of ordinary differential equations theory with odd operator
Formally, relations (5.5) from viewpoint of differential equations theory are the system of n ordinary differential equations (ODE) of the 2nd order with respect to derivatives on θ(!) of the superfields A ı (θ), in spite of the fact that
Abstracting from the fact that, in general, system (5.5) is a complicated system of partial differential equations given by (linear under absence of interaction terms in S L (θ)) differential operator on (z a , θ) which is transformed with respect to group J representation, single out from mentioned operator the only ones with d dθ considering others as the zeroth order on θ operators. Analysis of Eqs. (5.5) is based on general statements on system of n ODE of the 1st and 2nd orders on θ and on assumptions concerning the structure of S L (θ). Statement 5.1 (Existence theorem for solutions of the 1st order on θ system of N ODE.) General solutions of the systems of N ODE in normal form (NF) of the 1st order with respect to unknown superfunctions
exist and have the form respectively
Proof, in first, consists in imposing of the so-called necessary solvability condition (providing consistency and explicit superfield form) for system (5.7b) by virtue of identity (5.6) correctness under change A ı (θ) onto g i (θ). This condition is written in the form of the 1st order on θ system of 2N ODE
Subsystem (5.9b) means that superfunctions h i (g(θ), θ) on the solutions for system (5.7b), under hypothesis of their existence, do not depend upon θ, i.e. are integrals for Eqs.(5.9a). On the other hand, difference of the system (5.7a) from (5.7b) consists in independence of its right hand side upon θ on the whole space C 2 (U × {θ}) including the solutions for system (5.7a) as well.
Process of construction of the solutions for systems (5.7a,b) consists in fulfilling of two successive algebraic operations: left multiplication on θ in Eqs. (5.7a,b) and addition to obtained result in both sides of P 0 (θ) components of arbitrary superfunctions
Remarks: 1) Unless otherwise stated, then a some additional restrictions on solution properties related to homogeneity on ε P , εJ, ε are assumed to be fulfilled automatically for systems (5.7a,b) . Namely, for ε grading we have respectively for (5.7a) and (5.7b)
2) Index i contents for superfunctions g i (θ) are differed, in general, from ones for A ı (θ). Call the process of determination of particular solution (integral curve) g i (θ), for instance, for system of N ODE (5.7a) satisfying to N initial conditions of the form
by Cauchy problem for N ODE (5.7a) 11 . Graph of solution for system of N ODE, for example, (5.7b)
appears by straight line (or its part) in Cartesian space R N +1 with coordinate axes to be corresponding to variables g i (θ), θ. Initial conditions (5.11) define for θ = 0 the values g i (0) = g i (0) of projections for oriented intercepts of the coordinate axes g i (θ). By means of contradiction it is established the validity of Statement 5.2 (Uniqueness theorem).
Integral curve for system of the 1st order on θ N ODE (5.7a) ((5.7b)) with respect to g i (θ), i = 1, . . . , N in the domain U of the supermanifold N with θ ∈ Γ (0,1) , taking valueḡ i (0) for θ = 0 is unique. Statement 5.3 (Existence and Uniqueness theorem for solution of the 2nd order on θ system of N ODE ). 1. General solution for system of the 2nd order on θ N ODE in NF 13) in the domain U of the supermanifold N with unknowns g i (θ) ∈ C 2 (N × {θ}) exists and has the form 14) with arbitrary superfunctions k i (θ) ∈ C 2 (N × {θ}). 2. Particular solution for system (5.13) satisfying for θ = 0 ∈ Γ (0,1) to the initial conditions (Cauchy problem)
is unique. Proof of the last statement with nonsignificant modifications repeats the proofs of the previous ones 5.1, 5.2.
11 having represented solution for (5.7a) in the form g Initial conditions single out as the graph of solution for system (5.13) the straight line (or its part) with fixed values of "ordinates"ḡ i (0) for θ = 0 and values of projections for slopes
• g i (0) on the corresponding two-dimensional plane (g i (θ), θ), i = 1, . . . , N. By more complicated system of the 2nd order on θ N ODE in NF it appears the system of the form 16) being equivalent to the following system of 2N ODE, the such that, N from them are of the 2nd order and the others N are at most of the 1st order on θ.
•
Initial conditions written in (5.15) are no longer independent now for system (5.16), but for θ = 0 must satisfy to the subsystem (5.17b). Thus, Eqs. 
Remark:
System of N equations with given superfunctions m i (g(θ),
with help of projectors P a (θ) acting, in a natural way, on C 1 (T odd N × {θ}) can be written in the equivalent form of 2N equations system
Therefore, solution for subsystem (5.19b ) must belong to the set of solutions for subsystem (5.19a ). This remark is valid relative to the Eqs.(5.17b) as well. Call the constraints f 
Let us introduce for mathematical convenience the following single-valued functions
) :
acting on any F (θ) ∈ C k (T odd N × {θ}), k ≤ ∞, being represented in the form of series (3.5) (under change of A ı (θ) onto g i (θ)), by the rule
)F (θ) = (max p, max l, min p, min l) , (5.22) where the symbols max p(l), min p(l) are the most and the least values of degree order for
• g (j) l (θ) in the series (3.5) and being called the degree on g i (θ)
• g j (θ) and the least degree on g i (θ)
Besides of mappings (5.21) , introduce the functions of degree and least degree with respect to product g i (θ)
, min deg
)F (g(θ), 25) and with allowance made for representation (3.5) the latter superfunctions have the form
Under condition of invertibility of the supermatrix f Original constraints f i 1 (g(θ),
• g (θ), θ)) themselves for θ = 0 determine algebraic system of N equations on the same unknowns.
However, not all from differetial constraints are (functionally) independent. For investigation of this problem let us assume the fulfilment of the following postulates: (5.27) being the set of solutions for system (5.17b);
, θ) = 0 is the 1st order supersurface, which the conditions hold on
Superfield variational derivative of f i 1 (θ) with respect to superfunction g j (θ 1 ), introduced in (5.28b), has the following connection with partial superfield derivatives on g j (θ 1 ),
• g j (θ 1 ), being established analogously to formulae (3.22a,b) , (3.25) Definition: By the rank of supermatrix (5.28b) we shall understand the rank of the following supermatrix
where operator d dθ acts on product of the superfunctions f i 1 (θ) = 0), then rank of supermatrix (5.28b) by virtue of definition is calculated as the rank of functional with respect to supergroupJ supermatrix for fixed θ (see, for instance [32] )
In general case of formula (5.29) , given functional supermatrix additionally appears by operatorial one with respect to
. If the relation (5.27) has a technical character, because it means the absence of the zeroth order terms in decomposition of f i 1 (θ) in series (3.5) , which can be always taken away with help of redefinition of the coordinates g i (θ) and
The last expression presents f i 1 (θ) by perturbation of functionally dependent linearized system by means of nonlinear components.
Effective analysis of the constraints (5.31), being considered as the system of the 1st order on θ N ODE and not being reduced to NF of the form (5.7b), is based on fundamental Theorem 1. System of N ODE of the 1st order on θ with respect to g i (θ) (5.17b) subject to conditions (5.27), (5.28a,b) (in general) being unsolvable with respect to
is reduced to equivalent system of independent equations in so-called generalized normal form (GNF) under following parametrization of (5.33) where quantitiesŘ iσ g(θ),
• g (θ), θ; θ ′ are a) local on θ and b) functionally independent operators a)Ř iσ g(θ),
has unique solution u σ (θ ′ ) = 0. Remarks: 1) System (5.32a,b) by virtue of Existence theorem 5.1, and according to (5.9 ) must satisfy to solvability conditions
2) The number of discrete indices (ī, i) not less than the value of supermatrix rank (5.28b); 3) Proof of Theorem 1 repeats in part the results of analysis for corresponding systems of the 1st and 2nd orders, but for even derivatives with respect to t ∈ R made in Ref. [32] , and will be considered in another paper. Corollary 1.1 If f i 1 (θ) appear by holonomic constraints, then from condition expressing their's dependence (5.28b) and having form (5.30) it follows the existence of equivalent system of holonomic ones. The latter system is written under following parametrization of g i (θ) System (5.5) has the form of the 2nd order on θ n ODE of the type (5.16) (under disregarding of index ı functional structure) not given in NF with respect to A ı (θ), being coordinates in
System (6.1) is equivalent to one of the 2nd order on θ 2n ODE
call differential constraints in Lagrangian formalism (DCLF) and holonomic constraints in Lagrangian formalism (HCLF) respectively for Euler-Lagrange equations (5.5). System (6.2a,b) in whole we shall call Lagrangian system (LS) as well. By virtue of remarks (5.18), (5.19) following from solvability condition of the form (5.9), DCLF (6.2b) are equivalent to system of the 1st order on θ 2n ODE
Thus, system of the 2nd order on θ n ODE (5.5) is equivalent to one of the 2nd order on θ 3n ODE (6.2a,b) , (6.4b) . Naturally, the solvability condition (6.4b) for Eqs.(5.5) would not be necessary, if the Eqs.(5.5) were considered as systems of the type (5.7a). In the last case it should be written the projector P 0 (θ) in front of supermatrix of the 2nd derivatives of S L (θ) with respect to (6.2a) and in front of (6.2b). DCLF restricts a admissible arbitrariness in the choice of 2n initial conditions (6.5) determining the Cauchy problem for Eqs.(5.5).
Subsystem (6.2a) are not found itself in NF with respect to
Possibility to pass to NF is controlled by rank value for the following supermatrix in some neighbourhood of the set of solutions for (5.5)
If rankK(θ) < n, then there are some constraints to be imposed on subsystem (6.2a), whose number is equal to corankK(θ) = n − rankK(θ). These conditions are independent on DCLF (6.2b) complicating the analysis of the Eqs. (6.2) in comparison with one of (5.17a,b) . Note the rank of K(θ) is completely determined by one of supermatrix P 0 (θ)K(θ). The problem of independence for the Θ ı (θ) appears by the most important one. For its effective resolution, by analogy with Eqs. (5.27) , (5.28a,b) , specify the initial postulates on Z[A] (S L (θ)) being additional to (5.1), (5.2): 1. There exists A ı 0 (θ),
( 6.7) 2. There exists the supersurface Σ ⊂ M cl at least in a some neighbourhood of
Index ı can be divided into 2 groups
in such a way, that the following condition almost everywhere on Σ holds
3. There exists the separation of index ı to be consistent with one from (6.9a) 6.10) that the relation is valid in superdomain
Conditions (6.7)-(6.9) mean that for superfields (6.12) the following representation is true
Hypothesis 2 gives the possibility to represent the system (6.2b) in form of 2 subsystems, that is especially important for the field (infinite-dimensional) case, when the requirements of locality relative to index ı and covariance with respect to representation T |J appear by obstacles to fulfilment of (6.9a) and therefore are formally ignored now. Postulate 2 in terms of superfunction S L (θ) is equivalently reformulated with regard for expressions (6.9) , (6.12) , (3.25) , (3.26) in the following way 2.
For the more detailed clarification of the writing meaning in (6.14b) introduce the notations
The following identity on C k have been made use in deriving of the last relation 16) without writing of P 0 (θ) projector in front of
• U + (θ) and derivative with respect to A ı (θ).
17) (6.18) In particular, in view of the same definition (5.29) and its consequence (5.30) the relations hold
At last, it should be noted that the semisimple and nilpotent parts of supermatrix (6.17) are contained respectively in Q ı (θ) (that is basically defined by expression (6.19b) ) and in P ı (θ) • A (θ) ) to be the HCLF.
In the framework of assumptions 1-3 (or 1, 2 ′ , 3) the following fundamental theorem about structure of DCLF Θ ı (θ) (6.2b) is true. Theorem 2 (on reduction of the 1st order on θ system of n ODE to equivalent system in GNF) Nondegenerate parametrization for superfields A ı (θ) exists (6.20) so that the system of the 1st order on θ n ODE with respect to (6.2b ) is equivalent to the following one of the independent ODE in GNF
with φī(θ), κ ı (θ) ∈ C k and with arbitrary superfields
number coincides with one of differential identities among Eqs.(6.2b)
with a) local and b) functionally independent operatorsR ı α A(θ), 6.24) has the unique vanishing solution. Theorem 2 is the special case for Theorem 1 (see remarks after latter) and the important consequences follow from it. Corollary 2.1 For HCLF Θ ı (θ) ≡ Θ ı (A(θ), θ) under fulfilment of conditions (6.14b), (6.19 ) indicating their's dependence 25) the nondegenerate parametrization for superfields A ı (θ) exists 26) so that HCLF are equivalent to system of algebraically independent ones, in sense of differentiation with respect to θΘ
The number of superfields [ξ α (θ)] coincides with one of algebraic (on θ) identities among Θ ı (θ) 28) where linearly independent operators R 0 ı α (A(θ), θ) can be chosen in the form being consistent with (6.23 
Their's linear independence means that equation 6.30) has the unique solution to be equal to zero. One of realization for Corollary 2.1 is the Corollary 2.2 If the model of GSTF is represented by almost natural system defined in the form (6.33) appear by the HCLF explicitly depending upon θ. Condition (6.25) has the form rank S, ı (A(θ), θ) | Σ = n − m < n , (6.34) and expressions (6.28)-(6.30) are remained valid in this case.
Corollary 2.3
If for DCLF (6.2b) (HCLF Θ ı (A(θ), θ)) the following conditions are fulfilled in any neighbour- (6.36) then all the Θ ı (θ) are to be functionally (linearly) independent and have been already found in GNF.
Performed investigation of LS makes to be justified a introduction of following terminology.
Definitions:
1) The model of superfield theory of fields (mechanics) being given by superfunction S L (θ) ∈ C k (or, almost equivalently, by superfunctional Z[A] ∈ C F ) satisfying to relationships (5.1), (5.2), (5.5) , postulates 1-3 (given in (6.7)-(6.11) ) for m > 0 is called gauge theory of general type (GThGT) for superfields A ı (θ), and under fulfilment of (6.35) for DCLF is called nondegenerate theory of general type (ThGT); 2) If, in addition, the Corollary 2.1 conditions on HCLF (6.25) and m > 0 are fulfilled, then model of superfield theory of fields (mechanics) call gauge theory of special type (GThST), and in realizing of (6.36) call one by nongenerate theory of special type (ThST); 3) Formulation of GThGT and GThST defined by means of S L (θ) ∈ C k (or Z[A] ∈ C F ) let us call the Lagrangian formalism of description for GThGT and GThST, or equivalently the Lagrangian formalism (formulation) for GSTF.
Identities (6.22) for GThGT ((6.28) for GThST) with operatorsR
, whose set is complete and functionally (linearly) independent, i.e. is a basis in linear space
, make to be possible the following interpretation for quantitiesR
call generator of gauge transformations of general type (GGTGT) and one of special type (GGTST) respectively; 2) Quantitiesτ ı (A(θ), 6.40) are called trivial GGTGT, GGTST respectively. Superfunctions
Taking account of completeness for quantitiesR ı α (θ; θ ′ ) and R 0 ı α (θ), definitions (6.37)-(6.40), any GGTGT, GGTST can be represented by the corresponding formulaê
13 to GThST quantities of the form y 0 (ı)n α A(θ), θ there correspond the GThGT onesŷ
A(θ), θ in so-called ultralocal representation on θ with accuracy up to special sign factor (−1) R , R ∈ N in the last expression which turn the linear space Q(Z) into affine
At last, GGTGT and GGTST are defined (as basis elements of Q) up to affine transformations of modules Q(Z) and Q(S L ) respectively (so-called equivalence transformations) (6.46) where superfunctionsξ
In addition, the following properties are valid for these superfunctions (6.45 ) are local on θ, i.e. they can be represented as in (6.23a) , then GGTGTR ′ı α (θ; θ ′ ) are the same. From relations (5.5), (6.29) , (6.42) , (6.48) Finally, relations (6.22) are easily interpretated for GThGT as invariance of Z[A] (5.4) with respect to transformations of superfields A ı (θ) written in infinitesimal form 6.49) with ξ α (θ ′ ) ((ε P , εJ, ε)ξ α (θ ′ ) = (0, ε α , ε α )) being by arbitrary superfields over superalgebra Λ D|N c+1 (z a , θ; K). Really, the following formula holds (6.50) Relation (6.28) can not, in general, be interpretated for GThST as invariance of S L (A(θ),
• A (θ), θ) with respect to transformations
However, for superfunction S(A(θ), θ) defined in (6.31) the present invariance takes place
Definition: Call the infinitesimal transformations (6.49) as gauge transformations of general type (GTGT) for Z[A] and ones (6.51) as gauge transformations of special type (GTST) for S(A(θ), θ).
In view of obtained interpretation of identities (6.22) and (6.28) through GTGT and GTST we shall call them by Noether's identities of GThGT and GThST respectively because they follow as results from E.Noether's theorem stated for Z[A] and S(A(θ), θ) relative to their's invariance with respect to GTGT and GTST correspondingly.
Further to be more simplified one can assume that GThGT is defined by relations (5.4), (6.9b), (6.22) and under case of fulfilment of the only trivial solution for Eqs. (6.24) is called the irreducible GThGT, otherwise the reducible one. Analogously, GThST is defined by relations (6.25) , (6.28) , (6.11) and in resolving of Eqs. (6.30) with only zeroth u α (θ) is called the irreducible GThST, otherwise the reducible one.
More profound analysis of reducible GThGT and GThST, arising from nonexistence of covariant and local with respect toJ index α satisfying to condition 6.53) where α and ξ α (θ) were initially given in Theorem 2 and Corollary 2.2, are remained beyond of present paper scope . The same one can say on investigation of nontrivial differential-algebraic systems on Q(Z) and Q(S L ), namely, of the gauge algebras for GThGT and GThST.
VII Component Formulation for the Lagrangian Formalism of GSTF. Now, continue a particular started in Sec.IV programme of establishment of correspondence between superfield and component field quantities and relations of GSTF in Lagrangian formalism. From representation (3.20) for superfunctionals on T odd M cl × {θ} find the expression for their's densities in terms of superfunctionals themselves. By means of projector P 0 (θ) we have the following connection 1) where the bar over sign of superfunctional means the standard change of the form of dependence on component arguments. Relation (7.1) expresses densities in the form of series on θ in terms of quantities not depending on θ. Therefore, the densities themselves one can regard as superfunctionals. Taking account of connection for right, left partial superfield derivatives on A ı (θ) with component ones with respect to P 0 (θ)A ı (θ) and P 1 (θ)A ı (θ) (4.3), (4.5) , find the component expression for supermatrix of the 2nd partial superfield derivatives of superfunction
Subsupermatrices A ı (θ) , B ı (θ) , C ı (θ) , D ı (θ) themselves can be understood, further, in sense of formulae (4.6), (4.7) . Thus, rank of supermatrix (7.2a ) is determined by rank of its subsupermatrix A ı (θ) |θ=0 . In right hand side of relations (7.2b ) the usual variational derivatives with respect to fields A ı and composite objects (λ ı θ) are written. As far as the following relations hold
then it is convenient to introduce the following variational component derivatives for connection with component quantities
in view of density F (θ) dependence on fields λ ı through two arguments A ı (θ) and
δλ ı it is necessary to consider as whole objects. Connection for left and right derivatives in (7.4) under their's action on arbitrary F (θ) with definite ε(F ) is defined by means of the formulae
Connection of right superfield variational derivative on A ı (θ) with right variational component derivatives with respect to A ı and λ ı is differed from proposed in ref. [24] and follows from (3.23a), (7.1)
6) It appears to be important the following formulae, arising from (7.6) and connecting, for instance, the right superfield variational derivatives of superfunctionals of the form (3.20) both with partial superfield derivatives with respect to A ı (θ), P 0 (θ)A ı (θ) and with variational deriva-
Following relation being analogous to (7.7), but written for superfunction F (θ) has the form
In deriving of (7.8) it was accounted for relationships (2.23) and identities
The whole of mentioned relations are sufficient in order to obtain the component formulae for operators from A cl investigated in Sec.IV. Let us indicate the expressions only for basis operators {U a (θ),
With respect to ε grading supermatrix K(θ, x, y) = K(θ)δ(x − y) is the usual matrix, but with respect to ε Π parity K(θ) appears by supermatrix consisting of only odd-odd block. It is evident that K(θ) is nondegenerate. Therefore system (8.10a,b) has the form of (5.17a,b) . Solutions for Eqs. (8.10a,b) exist, providing fulfilment of assumption (6.7) in this case. Since the Eqs. (8.10a,b) are the HCLF, and in view of Corollary 2.2 and formula (6.34) validity, the rank of supermatrix (6.9b) in question is calculated by the rule (6.19b) . Supermatrix of the 2nd partial superfield derivatives of S 0 (θ) with respect to Ψ(x, θ), Ψ(x, θ), Ψ(y, θ), Ψ(y, θ) has the following block form in four-component spinor formalism taking account of formula (8.11a) (8.14)
Thus, supermatrix (8.13a) itself contains the only odd-odd block with respect to ε Π and ε gradings and its rank being invariant under Poincare transformations is equal to 1 on shell in terms of Dirac spinors and to 4 in terms of Weyl spinor's components constituent the Dirac ones. However, it is known (at least for θ = 0) fact [32] , that dim Σ Ψ = 0 in question, therefore, m = 0 in condition (6.8) and in any neighbourhood of Σ Ψ in M cl the supermatrix (8.13a) is nondegenerate. The latter appears in perfect agreement with the fact, that the number of physical degrees of freedom for this massive particles model are equal to 2(2 1 2 + 1) = 4. It follows from above derivation that there are not differential identities among equations (8.10) .
In the framework of terminology introduced in Sec.VI, the model of GSTF being described by free massive spinor superfield of spin 1 2 is nondegenerate ThST. Really, it is known [32] , that for Hamiltonian formulation (in usual sense) given theory for (8.16) and is parametrized by sets of parameters (x µ , θ), x µ ∈ R 1,D−1 , θ ∈P . Choose the real vector superfield A µ (x, θ) as one of Lorentz type A ı (θ) (8.19) As the classical action superfunction S L A µ (θ),
L (θ) for free vector superfield describing massless particle (for D = 4 of helicity λ = ±1), construct the local on x superfunction having form of natural system from Corollary 2.2, consisting only of quadratic parts with respect to superfields with g ı (θ) = 0 in (6.32) and not explicitly depending upon θ S (1)
kin (x, θ),
0 (x, θ) = − F µν (x, θ)F µν (x, θ), F µν (x, θ) = ∂ µ A ν (x, θ) − ∂ ν A µ (x, θ) . (8.20c) Superfunctions T (
L (θ) are invariant with respect to Π(1, D − 1) ↑ group transformations and with respect to P ones (8.19) , S 
Euler-Lagrange equations (5.5) have the form in this case 22) and by virtue of (6.3) are by HCLF Θ ν (A µ (x, θ)) = 0 containing D linear (deg A µ (θ) Θ ν (x, θ) = 1) equations, being algebraic in sense of differentiation on θ and of the 2nd order linear homogeneous partial differential equations relative to differentiation on x µ .
Partial superfield derivatives with respect to A µ (x, θ),
• A µ (x, θ) written in (8.22) in terms of superfunctions L
kin (x, θ), L
0 (x, θ) have the form respectively
0 (x, θ) ∂(∂ µ A ν (x, θ)) , (8.23a)
kin (x, θ) ∂
kin (x, θ) ∂(∂ µ • A ν (x, θ)) .
(8.23b)
Interpretation of expressions (8.23a,b ) is identical to one described after formulae (8.11a,b) .
Supermatrix of the 2nd partial derivatives of S L (1) (θ) with respect to
• A ν (y, θ) (6.11) has the form
= ε µν δ(x − y) . (8.24) Supermatrix (8.24) with respect to ε Π grading is the usual matrix, whereas with respect to ε one K(θ, x, y) is the supermatrix with only odd-odd block by virtue of (8.18b ). Rank of K(θ, x, y) depends on values of D = dim R 1,D−1 . So, for odd D, K(θ, x, y) is always degenerate with allowance made for skew-symmetry of ε µν . For instance, for even D the choice of ε µν in the form (8.25) yields the nondegenerate supermatrix (8.24) . Solutions for Eqs. (8.22) exist, providing fulfilment of assumption (6.7) . Rank of supermatrix (6.9b) is calculated by the rule (6.19b) according to Corollary 2.2 and formula (6.34) rank ∂ r ∂A µ (x, θ) 26) and is always strictly less than n on the whole M cl in question. In particular, for the case of superfield free electrodynamics (D = 4), the value of rank in (8.26 ) is equal to 3 on arbitrary superfield configuration. There is only one differential identity among equations (8.22) , i.e. m = 1. It follows from Corollary 2.1 that as the linear independent generator one can choose the following one R µ (x, y) = ∂ µ δ(x − y), α = y . (8.27) 
